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Abstract. A new approach has been used to show what kind of potentials we can use to
obtain a series of exact solutions in closed forms of the Schrédinger equation for bound
states. In particular, the well known Coulombic and oscillator solutions and others are
reproduced as special cases.

1. Introduction

The standard quantum mechanical applications of the radial Schrodinger equation
were extended to various branches of physics recently (for example, quark physics (cf
Quigg and Rosner 1979), laser theory (Haken 1970), field theory in zero dimensions
(Kaushal 1974) and nuclear physics (Lai 1983). It is well known that the radial
Schrédinger equation must be solved numerically in general, and the complete and
non-numerical solution exists in a closed form only for a few forces (Newton 1965).
One of the most interesting topics is to search for new methods which can be used to
find the exact solutions in closed forms of the Schrodinger equation for more new
potentials. Recently, some exact solutions in closed forms have been given for V(r)=
Vo—2(N+3) VY?r+ Vor® (Yang 1979), V(r) = r*+ Ar®(1+ gr*) ™! (Flessas 1981, Lai and
Lin 1982, Whitehead et al 1982, Znojil 1983), and V(r)=—r"'£2Ar+2A%r* (Saxena
and Varma 1982). (We notice that V(r)=—r"'+2Ar+2A%r* is just the form shown
in (28) of the paper by Yang (1979).)

The aim of the present paper is to improve on the new method introduced by Yang
(1979).

2. The method

Let us study the radial Schrédinger equation for an attractive radial potential V(r):

1 d/,dR\ I(I+1)
e — — |+ R+V R = ER
r dr(r dr) r (r) 1

where the units 2m =h =1 are used. If we introduce the function u(r) = rR(r) and a
certain new variable £(r), we find from (1)

W+ AW+ ¢ NE-F)u=0 (2)
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where ' =du/d¢ A=¢"¢'7% ¢ =d¢/dr and

I(l+1
Fe (rz Lt vin), (3)
With an ansatz
u=He © (4)

we may write equation (2) in the form
H'-2(G'-3A)H'+[(E-F)¢ *+G'(G'-A)-G"H =0 (5)

where primes on both H and G denote differentiation with respect to & It may be
emphasised here that both ¢(r) and G also need to be determined. We shall search
for all the bound states to (5) which have the elementary forms

H(=¢ ) at” a,#0. (6)
v=0
2.1. The simplest mode

As shown in (5), one simple mode that yields the simplest recursion relation between
coefficients of successive terms of the series (6) is seen to be

G'-3A=B_ ¢ '+ B¢ (7a)
(E-F)¢7+G'(G'-A)~G"=-D_,£*+ D" (7b)

where the constants B_,, B,, D_,, D,, and m all need to be determined. From (7a)
we obtain

_ B
G _ 41—1/24-B_, __Pm o m+2
eO=g V% exp( —¢ ) ®)
and
u___g/—l/Zé-s—B_zzavfu exp(_ Bm §m+2). (8;)
" m+2

As shown in (8'), we may let B_,=0 in (7a) since the contribution of B_, may be
merged into s, and we shall confine ourselves to the cases with

B,/(m+2)>0

- Bm m
‘g l/2exp(m+2§ +2)

(8")
Jel-»co
0,

Substitution of (7) into (5) yields the recursion relation
[(v+sHv+s—1)-D_]a,—{2[v+s—(m+2)]B,, — Dy}, (ms2 =0. (9)
It then follows that

s(s=1)=D_, (10)
or

s=3x(G+Dy)"? (10")



2533

On exact solutions of the Schrodinger equation

‘0 =3 18 31Uy 2q p[roys ()Y Jey) uonpuod Liepunoq ayi 01 uipiosoe A[1021100 PIIII[IS 3q PIROYS ¥, |

0=71"0<%
T-=Y/'d 0= ynm

:AN+=:.VN+EQ X

1 e
paonpoidal 3q [im ¢ =] 10} &.wll + Pl —sTH(T+w)(1+u7)]-
[enuajod IsIO 10J SUONN[OS T 'o=u a2+ wizrunz? @eunzd0 78 + w3q =(4)2
-uad15 1Pex? umou) YL LCEANBT/ A+ u) 8-y =" O LE+TA)+ T D= 3.3 €1
G +4),_(T+u)px
‘ z_t 14 L
T+ =g mrit=ty ~ Zr)t-Tal+
. . g+ d + wo o Jw [4
0="4 ‘0 =9 yum paonpoida . t E . (g+4)p vufvw
3Q J[IM UOLN|OS JOIR[[IISO TUTNo=u NAQ +4)o + Aq+41),p NNNAN+=~X + (T+u)/z T+ u
owowrey umouy [Pm YL AL, (T A +DFI+uTI+% =" % 2L - ST+ (T+u)(1+ug)l- 3 D=3 Al
e (q+4),_(T+w)x
4 -tal+
- (g+w)(1+w)
(T+1=4 (@44 o+ -
PPZ-=""d 0="4 0=4 wm e« - . 72+:usmA +~+=an
paonpoidal aq |jIa uonn|os CTUo=u @+ g+ -5 @ruonl(@+0)0(C+u)] = (4)37
o1quono) umouy [dm 4L Y, (A +DFE+ul ST =" El P+ = .32 -1
SYJRWY 4sanjeausdiyg uroj (v1) (4)7 Iequuy

JAI10U0d Y,

(4)4 [enuatod aandoyy

‘(L) apouwr 01 3uip1oode pauteiqo suonnjosuafia exa sanoadsar uay) pue sjenusiod Jwos | qeL



2534 Yang Chu-liang

and

4,/ @y—miz) ———> 2B/ v (11)
where ‘x’ in (10') should be chosen correctly according to the boundary condition that
R be finite at ¢ =0. From (11) we see that if the series (6) does not terminate, then
there will be

o 2B, ..
HO - g exp 2 )

|€]-»00

1—1/2 ¢ Bm m+2>
u(é) —— €77°¢ exp<m+2§

and therefore the solution cannot be normalised under the condition (8"). As shown
in (9), the series H(¢) will terminate and reduce to a polynomial:

Hy(O)=¢ 3 6™ (12)
if
D,,=2(nw+1)B,, (13)

where w=m+2. It is worth noting that the requirements (12) and (13) will not be
necessary for some special cases in which |¢]» c never happened, but even for those
cases the eigensolutions derived hereafter should be correct, though they may be
incomplete as shown by number 2-2 and 2-5 in table 2, for example. Substitution of
(7a) and (13) into (7b) give

F=E+¢—32A + AN+ B2 ~[2n+1)w+2s —1]1B,¢™ + D_,¢ 72} (14)

This result shows what kind of potentials can be solved exactly with the approach just
described.

As an example, if we let
£'¢™ = constant X a (15)
(which is shown in table 1 as number 1-1) then (15) yields
E(r)y=[(m+2)a(r+b)]"""? (16)

and

d . -1 ’
A=521n§— (m+1)¢ (16")

where b is an arbitrary constant. Substitution of (15)-(16') into (14) gives
2 2 25-1 -1
F=E+B.a —{2n+14+———|B,,a(r+b)
m+2

+<D_2_(m+1)(m+3)

2 )(m+2)_2(r+b)_2 (17)

which means that for a known concrete potential of the form

F=F,+F_(r+b) '+ F_5(r+5b)72 (18)
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the respective eigensolutions can be obtained easily by the new approach just described
above. The comparison between (17) and (18) gives

E=F,-B%a’ (19a)
2s—1\"!
=- +1+— 19b
B.a F_,(Zn 1 m+2) (19b)
D_,-im+1)(m+3)=(m+2)°F_,. (19¢)
From (19¢) and (10) we obtain
s=3x(m+2)G+ F_,)"2 (20)

From the substitution of (20) into (19b) and then (195b) into (19a), we obtain eigenvalues
E,=F,—-iF* [n+i£ G+ F_,)V3™? n=0,1,2,.... (21)

Since the respective H,(£) can be found from (7) trivially, it will be omitted here. As
is shown in this example, because the values of m +2 and a are not determined uniquely
by the comparison, we may choose m+2 =1 and a =1 for convenience. It is apparent
to us that the well known Coulombic solution is reproduced if

Fy=0 b=0 F,=I(I+1) F_,=2Ze

Two other examples belonging to mode (7) are also shown as number 1-2 and 1-3
in table 1. They may be analysed in the same way as number 1-1. Apparently, the
well known oscillator solution and the known eigensolutions for [ =0 for the Morse
potential (cf Flugge 1974, p 186) are reproduced as number 1-2 and 1-3, respectively,
when suitable parameters are taken. It usually appears that for many potentials with
respect to other types of £(r) other than those listed in tabie 1 only one single
eigensolution can be provided by this new approach belonging to mode (7).

2.2. The other simple mode
Another mode which can yield a simple recursion relation is
G'~3A=(B_y£ '+ B ™ (1 + K, ™) (22a)
(E-F){7?+G(G'-A)-G"=(~D_1£ 2+ D™ (1 + K,£™*) ! (22b)
where the parameter K,, # 0. From (22a) we obtain

e™C = gV B 4 K, £m12)(Boamb,)/ (m+2)
and therefore

u=§/—1/2§s—8_2(1+Km§m+2)(5_2—bm)/(1ﬂ+2) z anwgnw (23)

n=20

where b,, = B,,/ K. We shall confine ourselves to searching for only all the bound
states with the elementary form

H(¢)=¢ ZO a4, ™. (23)

As shown in (23), we may let B_,=0 in (22) since the contribution of B_, can be
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merged into s and b,,. Substitution of (22) into {(5) gives
[((v+s)v+s—1)-D_Ja, +[(v+s—w)(v+s5s—1-w)K,,
-2(v+s-w)B,+D,Ja,_.=0. (24)
The series (6) reduces to the polynomial (23') only if
D,,=2(nw+5s)B,,—(nw+s)(nw+s-1)K,, (25)
where s can be found from (4) too, i.e.
s=3x(3+D_y)"% (25"

Substitution of (22a) into (22b) gives

F=E+ <%>2<— J2A'+AYE + b'"(l(’;‘:;i?:f;mm
Dl -
which may be rewritten in the form
F=E +(%>2(—%(2A’+ A)E+ by (b, +1)~ dﬁ%%
D_,+ d,,l,;l;g:;::,: w+l)> (26))

where d,, = D,,/ K,.. The respective eigensolutions with respect to (26) derived by the
new method have been shown in table 2 as number 2-1. Some other examples belonging
to mode (22) are listed in table 2 as well.

2.3. The slightly more complex mode

Another mode which yields a slightly more complex recursion relation seems to have
the form

G'-3A=B, "' B8, ¢! (27a)
(E-F)§?+G(G'~A)~G"=-D_¢ >+ D, £ >+ D, £ (27b)
or
G —-3A=B_,¢ '+B, ¢! (28a)
(E-F){ 7+ G(G'-A)-G”

=(=D_,*+ D, "+ D, £&* 1+ K,£*)™" (28b)
etc. As an example, (28) yields
[((v+s)v+s—1)-2(v+s)B_,—D_,la,
+[(V—+-s—w)(v+s—1—w)-2(v+s-—w)(B,,,+B_2K,,,)+D,,,‘]a,,~w
+[D,,,—2(v+s-2w)B,K,la,_5, =0
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which may be rewritten in detail as follows:

[s(s—1)—2sB_,—D_,]ay,=0 (29a)
[(s+w)(s+w—-1)-2(s+w)B_,—D_,]a,
+[(s(s-1)K,, ~2s(B,+ B_,K,,)+ D,, ]Jas=0 (29b)

[(s+2w)(s+2w—1)—-2(s+2w)B_,— D_;]a,,
+[(s+w)(s+w-1)K,,~2(s+w)(B,+ B_,K,,) + D, ]a.
+(D,,,—2sB,K,.)a,=0 (29¢)

[(s+nw)(s+nw—1)-2(s+nw)B_,—D_;]a,,
H{s+(n-Dwls+(n-1)w-1]K,,
-2[S+ (n - l)w](Bm + B—ZKm)+ Dml}a(n—l)w

+{Dp,—2[s+(n=2)W]B,K;n}@(n-2) =0 (294d)
[(s+nw)(s+nw-1)K,,—2(s+nw)}(B,,+ B_,K,,)+ D, 1a,.

+{D,,,—2[s+(n—1)W1B, K} a(n-1)» =0 (29¢)
[D,.,—2(nw+s)B,K,]a,, =0. (291)

(29a-b) and (29e-f) are just the requirements for H having the form of a polynomial,
and it is shown that n >0 is necessary. In order to obtain non-zero solutions, (29a)
and (29f) yield, respectively,
s=B_,+3x[(B_,+3)’+ D_,]"? (29a’)
D, =2(nw+5s)B,K,. (291)

Now equations (29b-¢) may be regarded as a set of homogeneous algebraic equations
for a,,. The necessary and sufficient condition that these equations have a solution
is that the determinant of their coefficients vanishes. This provides a secular equation
which may be written formally in the form

f(n’ S, Dmla B—Z, Bm, Km) = 0 (30)
Substitution of (28a) into (28b) gives

N 2
F=F +(§E> (“%<2A'+A2>52+ BLE ™D 4[2B - (w—1)1Bg""

+B_,(B_,+1)+

D_ _D"1 m+2_Dm 2(m+2)
2~ Dmé £ ) (31)

1+ Km§m+2

Throughout the further analysis according to precedent, it is shown unfortunately that
only one single eigensolution can be provided by this new method for the special
potentials belonging to this mode only if the known parameters in the concrete
expression of the potentials satisfy the condition with respect to (30), except for some
special examples such as V(r)= V,—2(N+3)Vy?r*+ V,r® (Yang 1979). We should
notice that the known eigensolutions for V(x)=x>+Ax*(1+gx*)"! can be provided
by this new method as well, according to the mode (28) with &(r) = x.
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Table 2. Some potentials and their respective exact eigensolutions obtained according to

mode (22).

Effective potential F(r)

The concrete

Number &(r) (26) form
2-1 FE 1+ K M) =g, E+[(b,, +1)—d,1a’K?, Fy
™= Ko belmrDaK,r 1] +[—d, —(m+1)b,, +F_(bef —1)""
+D_,—-im+1)}(m+3)] + F_,(bef" —1)7?
X a2K2 [ et Dakar _ 117!
+[D_y+ B_y(B_;+ 1) +:-m+2)1]
x a?K 2 [ belm*+DaK,r _ ]2
2-2 FEIN K =0, E+(+D_)a*+a [-¥m+2)? idem
gD = K (e~ (mFDar ] +D_,—d,—(m+1)b,]
x[be-(m+2)ar_ l]—l
+a-Ym+2)2+b2 +b,—d,]
X[be—(m+2)ar_1]-2
2-3 ¢ =g, E+[(b,, +1)?*-d, ]a* F,
&= ber b (b, +w)a’ P
[1+Kmbm+ze(m+2)ar]2 (1+ Ae?)?
+[D_2+d,,,—bm(2b,,,+w+l)}a2 + F_,
1+ K, hm+2g(msar 1+ Ae?
2-4 EEM 1+ K g™ =q, E+[-4Gm*+bm+a) Fy
gmri= (K, )V2 +D_,-d,~(m+1)b,1K, a* + F, tanh*(gr+b)
xtanh(}(m +2)a(-K,,)/*r+b) —K,a[-im(1+im)+b,(b,+1)—d,] + F_, coth®*(gr+b)
xtanh?[§(m+2)a(-K,,)"/?r+b]
-K,a[~-im(+im)+ D_,]
xcoth’[}(m+2)a(-K,,)"*r+b]
2-5 EE I+ K ™) Viagr E+a’(D_,+d,~b,(2b,+w+1)+iw] idem
V=K, gmrir= +a?[(b,, +1)* +iw—d,]
=sech((m+2)ar+b) xtanh?(}(m +2)ar + b)
+a*[(b,, +iw)?—Ew?]
xcoth?(4(m+2)ar+b)
2-6 EEM 1+ K, M) V=g, E+K,a*{[(b,+})?-4d,] F,
gmr2 = go1/2 x coth’[iwvK,, ar+b) + F, cosech?(gr+b)
xsinh[{(m+2)VK,, ar+b] +(D_,+4d,,— b, (b, +1)~iw?] — F,sech(gr+b)
% cosech?[iwvK,, ar+b]
—[b,, (b, +w)+3w2/1b]
xsech’[iwvK,, ar+b]}

t 'z’ should be chosen correctly according to the boundary condition that R should be finite at ¢ =0.
An upper limit usually exists for n according to the boundary condition that R should be finite as ¢ > 0.
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Eigenvaluest

Remarks

E,=F,+F_ - F_,
F_,-F._ 2
—[;ﬁg(nm] ,
2g(n+s)
s=3x(j+g *F_)"?

E,=Fo—4g’ - F_\+ F_,—gln+s+(g 7 F_,+5)'*P,
S=E_Z(F—z*'F—l)—[”i(g_zF—z'*'%)l/z]z
Anx (g 2F_,+HV+1

E,=Fot Fo—F_ ~ig*~s(s~1)g’,
1
S=
(D= (g7 F )"
2F_,—F

+Azt2n(%+g“2F_2)”2>

g2(2n+1)?

E,=F,+F,+F_,~
T {g2[2n+1i2<é+g‘2F.z>”2]2

E,=F+ R+ F -3¢ -s(s-1)g?,

s=4-2n+ (g F-)

E,=Fo-g2n+1=(3+g°F) 22 3+ g7 F)F

(1) Hulthén potential will emerge if [=0, b=1,
F_,=0and Fy= F_, = V, (cf Fligge 1974, prob-
lem 68).

(2) Wood-Saxon potential will energe if I=0, b=
e ®/? g=1/a, F.y;=-1 and Fy=F_;=0 (cf
Fligge 1974, problem 64).

(3) The eigensolutions for a potential with F,=0,
F_,=-(A—p)and F_,= pu had been analysed
by Myhrman (1980).

(4) The eigensolutions listed in number 2-1 and 2.2
should be complementary to one another.

(1) Poschi-Teller potential and modified Poschl-
Teller potential will emerge when suitable para-
meters are taken (cf Fliigge 1974, problems 38
and 39).

(2) The eigensolutions listed in number 2-4 and 2-5
should be complementary to one another.

(1) Can also be extended to following concrete
potentials:
(i) Fy+ F, coth’(gr+b)+ F,sech®(gr+b)
(ii) Fy+ Fscoth’(gr+ b)+ Fgtanh?(gr+b)
(iii) Fo+ F, cosech®(gr+ b)+ Fytanh®*(gr+b)
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3. Summary

A new method has been developed for eigenvalue problems in quantum mechanics.
By using this method, not only are almost all the known exact solutions of the
Schrodinger equation for the respective potentials reproduced, but also more new exact
solutions have been found. It is apparent that there are many potentials for which
only one single eigensolution can be provided by this new method. The new method
can be applied to the Dirac equation too, and some new results will be reported in a
further paper.
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